The Hamilton's principle approach to the calculation of vibrational modes of elastic objects with free boundaries is exploited to compute the resonance frequencies of a variety of anisotropic elastic objects, including spheres, hemispheres, spheroids, ellipsoids, cylinders, eggs, shells, bells, sandwiches, parallelepipeds, cones, pyramids, prisms, tetrahedra, octahedra, and potatoes. The paramount feature of this calculation, which distinguishes it from previous ones, is the choice of products of powers of the Cartesian coordinates as a basis for expansion of the displacement in a truncated complete set, enabling one to analytically evaluate the required matrix elements for these systems. Because these basis functions are products of powers of x, y, and z, this scheme is called the xyz algorithm. The xyz algorithm allows a general anisotropic elastic tensor with any position dependence and any shape with arbitrary density variation. A number of plots of resonance spectra of families of elastic objects are displayed as functions of relevant parameters, and, to illustrate the versatility of the method, the measured resonant frequencies of a precision machined but irregularly shaped sample of aluminum (called a potato) are compared with its computed normal modes. Applications to materials science and to seismology are mentioned.
INTRODUCTION
Some years ago, it was noticed by Holland • and Demarest 2'3 that a very simple variational principle can be used to derive an eigenvalue equation for the normal-mode frequencies and eigenvectors for the vibrations of an elastic body with free boundaries. Subsequently Ohno 4 and others •-s have refined this method and its application to the resonant ultrasonic determination of elastic constants of materials, using small rectangular parallelepipedal single-crystal samples. The idea is illustrated in Fig. 1 , which shows a crystal suspended between two transducers, one of which excites the sample, and the other measures its response. Others have used spheres, 9'2ø again single-crystals with anisotropic elastic tensors (with orthorhombic or better symmetry). Spheres have the advantage that it becomes unnecessary (indeed, impossible) to align the faces of the sample with crystal axes. It is the purpose of the present paper to present a simple computational scheme with which the free vibrations of all the systems that have been analyzed up to now can be computed, and to give results for some new systems. We have fabricated a sample of one of these new systems, and have measured and computed its resonant frequencies.
I. THE METHOD

A. Motivation
It is reasonable to expect that, if one knew all the normal-mode frequencies of an elastic object, one could deduce all of the relevant properties of that object, including, up to a common scale factor, its elastic tensor and density (including their spacial variations), and its shape. Whether this is rigorously true, even for such a simple system as a two-dimensional elastic membrane, is still an unsolved problem in applied mathematics. TM In practice, resonant ultrasonic methods have been developed, and are still being refined in significant ways, 12 which promise to become benchmark procedures for measuring these material properties. In order to exploit these ideas, it is necessary to develop a computational scheme to obtain the material parameters from mea- which should be fast, since it must be performed many times. It is the main purpose of the present paper to present such a method, which works for a wide variety of systems, in a simple form which may easily be programmed for a comput- 
where {n•} is the unit outer normal to S. So, apparently due to a mathematical fortuity that may have occurred during a lapse in Murphy's vigilance, the displacement vectors u•, which are solutions to the elastic wave equation with free boundary conditions on S, are just those points in function space at which L is stationary. This fact suggests the following procedure for obtaining the solutions.
C. Choice of basis
If the computation is to be implemented on a computer, and is to work for a variety of shapes, one should, for reasons soon to become apparent, expand the displacement vector in the simplest possible complete set of functions. There is none simpler than powers of the Cartesian coordinates, so we choose the following set of basis functions:
where A = (l,m,n) is the function label, a set of three nonnegative integers. In terms of this basis we expand the displacements on a truncated set 1• [specified below in (9) ] ui = • a•x(l)x, i= 1,2,3.
After substituting this into the above expression for the Lagrangian L, the latter can be written (a becomes a column
where Eand F are matrices whose order R is determined by II, which is specified by the condition l + rn + n<N,
viz. R = 3(N + 1)(N + 2)(N + 3)/6. [The initial factor of 3 here corresponds to the three coordinates x,y, and z. The other factors are the number of ways (9) can be realized for non-negative l, m, and n. ] To keep the size of the matrices within manageable limits we must clearly be restrained in our choice of N.
The matrix E has elements
Exix'c = ( 
D. Generalized eigenvalue equation
The expression (8) for the Lagrangian ( 1 ) is stationary, according to (3), for the displacements u• that are solutions of the free-vibration problem. So the solutions may be obtained by setting the derivatives of (8) with respect to each of the R amplitudes a•x equal to zero. This yields the following matrix eigenvalue equation:
The matrix E, although not diagonal, as it would be if we had chosen an orthonormal basis, is symmetric and positive definite, and F is symmetric, so that a standard eigenvalue-eigenvector subroutine package (RSG in EISPACK•3'•4 ) can be used to solve (12) as easily and nearly as quickly as it could if E had been diagonal. Comparison of the computed frequencies in the corresponding columns shows that N = 6 gives 1/2% or better accuracy for the lowest ten line s, and larger N's give much better accuracy. (Notice that the rows are monotonically decreasing sequences, as is required by Cauchy's inequality. t6 ) Convergence is slower for this shape, which has sharp edges, than for smooth-surfaced objects. It should be emphasized that, although this potato is elastically isotropic, it is no more difficult and takes little more computer time to calculate the frequencies (and eigenfunctions) for the general elastic potato with 21, or even 81 independent Ci•'s.
Figure 3 is a photograph of this aluminum potato, which was fabricated using a numerically controlled ball mill. The reason that d3 _ = 0 is that the half-potato has a plane surface for measurement references, which makes it easier to machine. The surface quality is 32/•in. rms, which is also a limit on the accuracy with which it reproduces the nominal composite-ellipsoidal shape. 
Therefore, the F matrix degenerates into a block-diagonal matrix with eight blocks, each characterized by one parity triplet, say the parity of ux. We label this parity as Because of the high symmetry the modes for each k value (18) are uncoupled (i.e., k is a "good quantum number"), and with N = 7, as in the potato, the largest order for which we have to solve the eigenvalue problem (12) is R = 60, in contrast to R = 360 to get the same accuracy in the potato, although it must be added that now we need to solve an eigenvalue problem for each of the eight k values.
The layered sphere (or ellipsoid), which might be used as a model for oscillations of the earth, may also be studied using linear combinations of (14) (one term for each layer in the model) to represent fa (p,q,r). We have computed frequencies by this method for a model consisting of a core plus a crust (both elastically isotropic) and have found, by comparing the results with an exact calculation using spherical 
C. The spheroid
Very similar to the cylinder spectrum is that of the spheroid. Here, f(p,q,r) is given by (14) for this shape, and its spectrum as a function of aspect ratio is shown in Fig. 5 , with the prolate limit on the left, the sphere in the center, and the oblate limit on the right. Differences that stand out between this plot and Fig. 4 for the cylinder are: (1) the massive degeneracy of resonances in the spherical case and (2) the fact that many of the cylinder modes are rigorously independent of aspect ratio, not the case for the spheroid. 
C. The cone and the pyramid
The cone fits easily into our recipe if we take its point to be at z = 0, and its base to be at z = d3. Then, the cross sections of the cone parallel to the xy plane will be ellipses whose semiaxes are proportional to z. 
when the symmetry axis is in the z direction.
A. The anisotropic cone
To illustrate the effects on the spectrum of variation of the magnitude of the anisotropy, we consider a right circular cone with unit aspect ratio. In Fig. 11 are shown the normalmode frequencies of this object as functions of anisotropy. Here, g = 1 at the center, where the material is isotropic, and g increases in both directions away from the center. On the left half of the plot the sixfold axis is the z axis, so rotational symmetry about the z axis obtains, and is evidenced by many twofold degeneracies. On the right half the sixfold axis is the x axis (so the elastic constants are obtained from those above by interchanging I with 3 and 4 with 6).
B. The anisotropic spheroid
To illustrate the effects of varying the direction of anisotropy with a fixed magnitude, we consider an oblate spheroid with aspect ratio 2. In Fig. 12 is shown the vibrational spectrum of this object as a function of angle between the spheroid axis and the sixfold axis, when g = 3.5. To compute these curves one rotates the elastic tensor Con• about the y axis through angles given by the value of the abscissa. In the 
VII. DISCUSSION
Our computational scheme, which we call the xyz algorithm on account of Eq. (6), its basic distinction from the Demarest 2 algorithm, enables the calculation of normal modes for many classes of systems that have not been computed before by any method (even those as simple as the isotropic spheroid or cone, let alone the anisotropic potato), and could be calculated only with great difficulty by existing methods. The xyz algorithm, by its nature, is no more difficult to apply to general anisotropic systems with 21 (or even 81, the total number of elements of Cokt) independent elastic constants than to isotropic ones, and allows one easily to compute a wider variety of shapes than any other.
Although we have displayed only the resonant frequencies that these calculations have yielded, the same EI-SPACK subroutines also give the eigenvectors a•,t in (7). Thus the elastic displacements are known, and with enough persistence and determination, we could have shown vibrational shapes for each of the modes. But there are too many of them, so we will show none.
We believe we have demonstrated that the xyz algorithm is capable of quickly and accurately yielding the lowlying resonant frequencies for a wide variety of shapes with inhomogeneities and few restrictions on anisotropy. But perhaps its greatest virtue is its extreme simplicity when corn-
APPENDIX
Here we give the listing of a Fortran program that will compute the normal-mode frequencies (and, with trivial modifications, the eigenfunctions, too) for all the objects we have discussed in this paper. This code does not exploit any of the symmetries of shape or elasticity tensor, and is therefore much slower than one that does for objects with symmetries, as is discussed in Sec. III. .3'0.,• .,3'0.,• .,0.,t .,0.,1.,7ø0..1.,3'0..1..3'0.,1-.0.,1.,5'0-.1 -.  & 3'0.,3.3'0,1 ..5'0.,1.0.,1 .,3'0.,1 .,3'0.,1 .,7'0.,1.0.1 .,0,1 .,3'0.,1 .,3' 
